We study is some detail the Cosmology of Oscillating Dark Energy described by concrete equations-of-state investigated recently in the literature. In particular, at the background level we compute the statefinder parameters, while at the level of linear cosmological perturbations we compute the growth index γ as well as the combination parameter A = f σ8. The comparison with ΛCDM is made as well.
I. INTRODUCTION
In the end of the 1990s the breakthrough in science was the discovery that the Universe was expanding in an accelerating rate [1, 2] . Current cosmological and astrophysical observational data indicate that the Universe is spatially flat dominated by dark energy [3] the origin and nature of which still remain a mystery. The concordance cosmological model, which is based on cold dark matter and a cosmological constant (or ΛCDM model), is considered to be the simplest choice and the most economical model. It is characterized by a single parameter, and it is in excellent agreement with current data. Despite its success, however, it suffers from the cosmological constant problem [4] . That is why other possibilities have been explored in the literature over the years, which in general fall into broad classes, namely either dynamical or geometrical models of dark energy. In the first class a new dynamical field is introduced to accelerate the Universe [5] , while in the second case an alternative theory of gravity is assumed to modify Einstein's General Relativity at cosmological scales [6] [7] [8] .
Although a fundamental description based on the Lagrangian formalism is certainly the ideal one, a phenomenological description is simpler and more convenient. In such a description dark energy is viewed as a perfect fluid with a time varying equation-of-state w(a), with a being the scale factor. In the past in [9] the authors compared several dark energy parameterizations against supernovae data, and concluded that models that cross the w = −1 barrier have a better fit to data. In another more recent work it was shown that the cosmic acceleration may have slowed down recently [10] . Oscillating Dark Energy (ODE) is a class of dark energy parameterization that has been studied by several authors * Electronic address: grigorios.panotopoulos@tecnico.ulisboa.pt † Electronic address: arrincon@uc.cl and in different contexts [11] [12] [13] [14] [15] [16] , and more recently in [17, 18] , during the last 15 years or so. A couple of reasons why studying this particular class of models is interesting are the following: In [11] it was demonstrated that ODE may alleviate the coincidence problem, while in [13] it was shown that unifying the current cosmic acceleration with the inflationary Universe was possible. One of the first papers along these lines was the work of [12] , in which the graceful exit of cosmological inflation and reheating of the Universe were studied in the framework of dynamical relaxation of a bare cosmological constant. It is well-known that many dark energy models predict very similar expansion histories, and therefore all of them are still in agreement with current data. It thus becomes clear that in order to discriminate between different dark energy models it is necessary to introduce and study new quantities appropriately defined. To this end one option would be to study the so-called statefinder parameters, r, s, defined as follows [19, 20] r = ... a aH 3 (1)
where the dot denotes differentiation with respect to the cosmic time t, H =ȧ/a is the Hubble parameter, and q = −ä/(aH 2 ) is the decelerating parameter. We see that the statefinder parameters are expressed in terms of the third derivative of the scale factor with respect to the cosmic time, contrary to the Hubble parameter and the decelerating parameter, that are expressed in terms of the first and the second time derivative of the scale factor respectively. It is easy to check that for the ΛCDM model the statefinder parameters take constant values, r = 1, s = 0. These parameters may be computed within a certain model, their values can be extracted from future observations [21, 22] , and the statefinder diagnostic has been applied to several dark energy models [23] [24] [25] [26] [27] . As we will see later on, r, s can be very different from one model to another even if they predict very similar arXiv:1804.11208v2 [astro-ph.CO] 11 May 2018 expansion histories.
Alternatively, one may investigate how matter perturbations evolve with time. Its evolution depends both on the expansion history and on the speed of sound of the dark energy model at hand, which differs from one model to another. In particular, a quantity that has been studied a lot over the years is the so called growth index γ, introduced in [28] and to be defined later on, and for the ΛCDM model has been found to be γ ΛCDM = 6/11 0.55 [29] [30] [31] .
It is the goal of the present article to further study the Cosmology of the Oscillating Dark energy models studied recently [17, 18] in more detail along the lines mentioned before. Our work is organized as follows: after this introduction, we present the theoretical framework in the second section, and we present our numerical results in section 3. Finally we conclude in the last section.
II. THEORETICAL FRAMEWORK
Here we introduce all the necessary ingredients, first for the background and then for the evolution of linear cosmological perturbations.
A. Background evolution
The time dependence of the scale factor is determined by the first and the second Friedmann equations of a flat Robertson-Walker metric
where G is Newton's constant, ρ = ρ m + ρ r + ρ X is the total energy density, p = p m + p r + p X is the total pressure, and the index m, r, X denotes the fluid component of matter, radiation and dark energy respectively. What is more, assuming no interaction between the fluid components, the continuity equation for each fluid is given
where the index A takes 3 values, A = m, r, X. The equation-of-state parameter for radiation is w r = 1/3, for matter w m = 0, while for dark energy we shall assume some parameterization where its equation-of-state will be a certain function of the red-shift 1 + z = a 0 /a, with a 0 being the present value of the scale factor a. Finally, for later use we define the normalized energy density for each fluid, Ω A ≡ ρ A /ρ. Thus, the first Friedmann equation now plays the role of the constraint A Ω A ≡ 1.
The cosmological equations together with the definitions allow us to compute both the deceleration parameter q and the first statefinder parameter r as functions of the red-shift, which are found to be
where E(z) = H(z)/H 0 is the dimensionless Hubble parameter versus red-shift, with H 0 = 100 h(km sec −1 )/Mpc being the Hubble constant, and the prime denotes differentiation with respect to red-shift. The second statefinder parameter s(z) can be computed once q(z), r(z) are known. It is easy to verify that the expressions above for ΛCDM give r = 1, s = 0. For matter and radiation the normalized energy densities are given by
where Ω m,0 , Ω r,0 are their present values. Finally, for a given dark energy parameterization w(z), the dimensionless Hubble parameter E(z) = H(z)/H 0 is given by
where Ω r,0 = 9×10 −5 [10] , and where the function F (z) is computed once the dark energy equation-of-state is given [9] F (z) = exp 3
We see that F (0) = 1 = E(0), as they should, since the constraint A Ω A ≡ 1 should be always satisfied, as we have already mentioned.
B. Cosmological perturbations
In this subsection we briefly present linear cosmological perturbation theory [32, 33] , following closely [34, 35] . Only scalar perturbations are relevant to structure for-mation, and assuming vanishing anisotropic stress tensor for the fluid components, the metric is characterized by a single Bardeen potential Ψ(η, x) (12) with dη = dt/a being the conformal time. On the one hand, the perturbed Einstein's equations δG µν = 8πGδT µν give rise to the differential equations for Ψ, which in Fourier space take the form [34] 3H(HΨ + Ψ ) + k 2 Ψ = −4πGa 2 δρ (13)
where δp = A δp A is the total pressure perturbation, δρ = A δρ A is the total energy density perturbation, and (1 + w)v = A (1 + w A )Ω A v A is the total peculiar velocity potential [34] . On the other hand, the stressenergy tensor conservation for each fluid provides us with additional differential equations for the peculiar velocity potential v as well as the density contrast δ A = δρ A /ρ A . Defining the total density contrast δ = δρ/ρ = A Ω A δ A one finally obtains the following equations for the metric perturbation [34] 
where now x = − ln(1 + z) is introduced as the independent variable, so that for any perturbation A = HA x . Additionally, one obtains for the fluid perturbations δ and v the following equations [34] 
for all three fluid components. The adiabatic speed of sound c 2 A,a is defined by [33, 34] 
while the effective speed of sound in the rest frame of the fluid c 2 A,s is defined by [33, 34] (25) with Ha = da/dη being the conformal Hubble parameter, and the prime denotes differentiation with respect to the conformal time. It is trivial to compute the sound speeds for matter and radiation, c Finally, the system of coupled differential equations must be supplemented with the appropriate initial conditions. Single-field inflationary models predict adiabatic initial conditions
for any two fluids i, j. Therefore one obtains the following initial conditions for the peculiar velocity potentials [34] v A,ini = δ ini 4H ini (27) while for the density contrasts one obtains the initial conditions
Finally, for the relevant cosmological parameters, such as H 0 , Ω m,0 etc, we have used the results of [18] shown in Tables 2, 3 and 4 of that work. The growth index γ is defined through the relation below [36] [37] [38] , and for more recent discussions see e.g. [39] [40] [41] [42] 
Therefore, we first integrate the full system of coupled perturbations starting to follow their time evolution from the radiation dominated era where z ini = 10 6 or x ini = −13.81, then we compute the function f from the matter energy density contrast, and finally the growth index can be computed by
There are a few publicly available computer codes that could be used to integrate the equations for the perturbations [43] [44] [45] [46] . In this work, however, since we are not interested in the temperature anisotropies, we prefer to integrate the equations using a Wolfram Mathematica [47] file, as it was done in [48] .
III. NUMERICAL RESULTS
In this section we analyse the following 3 oscillatory equation-of-state parameters that were recently investigated in [18] 
where w 0 = w(0) is their today's value. For these parameterizations, the function F (z) that determines the dimensionless Hubble parameter is found to be
for the first model,
for the second model, and
(1 + z)
for the third model, where the cosintegral function is defined as follows:
and we have introduced the real parameter F 0 = e 3(sin(1)−Ci(1)) . Using several observational data, such as supernovae type Ia, BAO distance measurements, weak gravitational lensing, CMB observations etc, the authors of [18] found the values shown in Table I .
The equation of state and the deceleration parameter versus red-shift are shown in Fig. 1 for all 3 models. We see that a) the equation-of-state in all 3 cases always remains in the range below the −1 barrier, and b) all models predict the same decelerating parameter as a function of red-shift. The first and second statefinder parameters r and s versus red-shift are shown in Fig. 2 for all 3 models. We see that the second statefinder parameter at low red-shift approaches that of ΛCDM, while at large ΛCDM deviates significantly from the standard behaviour. The opposite holds for the first parameter.
Next we consider linear cosmological perturbations and the evolution of the functions {f (z), γ(z)}. We show the solution for the three cases studied in Fig. 3 for three different scales k of the linear regime, of the order of 10 −3 Mpc. For comparison we show in the same plot (solid black curves) the corresponding quantities of the ΛCDM model. We see that i) in all three models both f and γ increase with red-shift, and ii) as the wave number k increases the curves approach the curve corresponding to ΛCDM. Finally in Fig. 4 we compare the prediction of the models to available data regarding the combination parameter A(z) = σ 8 (z)f (z), where the rms fluctuation σ 8 (z) is related to the matter energy density contrast by [29, 34] 
evaluated at the scale k σ8 = 0.125h Mpc −1 [34] . We have used for σ 8 (z = 0) the values shown in Table I obtained in [18] . The data points with the error bars as well as the relevant references can be seen in Table II of [34] . Fig. 4 looks very similar to analogous figures produced in other related works, such as [34, 49, 50] .
IV. CONCLUSIONS
To summarize, in this work we have studied the Cosmology of three Oscillating Dark Energy models, both at the level of background evolution and at the level of linear cosmological perturbations. The dark energy equationsof-state were recently studied in the literature, and the free parameters of each model were determined upon comparison against several observational data. First we computed the statefinder parameters {r, s} versus redshift, and after that we computed f ≡ (a/δ m )dδ m /da as well as the growth index γ ≡ ln(f )/ ln(Ω m ) as functions of the red-shift for all three dark energy parameterizations, and for three different scales k. Our main numerical results are summarized in Fig. 1-4 , where the comparison with the ΛCDM model is shown as well. 
